Differential geometric formulation of quantum gauge theory of gravity is studied in this paper. The quantum gauge theory of gravity which is proposed in the references hep-th/0109145 and hep-th/0112062 is formulated completely in the framework of traditional quantum field theory. In order to study the relationship between quantum gauge theory of gravity and traditional quantum gravity which is formulated in curved space, it is important to find the differential geometric formulation of quantum gauge theory of gravity. We first give out the correspondence between quantum gauge theory of gravity and differential geometry. Then we give out differential geometric formulation of quantum gauge theory of gravity. *
Introduction
It is known that, in classical Newton's theory of gravity, gravity is treated as physical interactions between two massive objects, and gravity does not affect the structure of space-time [1] . In Einstein's general theory of relativity, gravity is treated as geometry of space-time [2, 3] . In other words, in general relativity, gravity is not treated as a physical interactions, it is a part of structure of space-time. Inspired by Einstein's general theory of relativity, traditional relativistic theory of gravity and traditional canonical quantum theory of gravity is formulated in the framework of differential geometry [4, 5, 6, 7, 8, 9] .
Recently, based on completely new notions and completely new methods, Wu proposes a new quantum gauge theory of gravity, which is based on gauge principle [10, 12] . The central idea is to use traditional gauge field theory to formulate quantum theory of gravity. This new quantum gauge theory of gravity is renormalizable [10, 11] . A strict formal proof on the renormalizability of the theory is also given in the reference [10, 11] . This new quantum gauge theory of gravity is formulated in the flat physical space-time, which is completely different from that of the traditional quantum gravity at first appearance. But this difference is not essential, for quantum gauge theory of gravity can also be formulated in curved space. In gauge theory of gravity, gravity is treated as physical interactions, but in this paper, gravity is treated as space-time geometry. It means that gravity has physics-geometry duality, which is the nature of gravitational interactions. In this paper, we first give out the correspondence between quantum gauge theory of gravity and differential geometry. Then, we give out the differential geometrical formulation of quantum gauge theory of gravity.
Correspondence Between Quantum Gauge Theory of Gravity and Differential Geometry
In gravitational gauge theory, there are two different kinds of space-time: one is the traditional Minkowski space-time which is the physical space-time, another is gravitational gauge group space-time which is not a physical space-time. Two space-times have different physical meanings. In differential geometry, there are also two different space-times. This can be seen from the tetrad field in Cartan form. In cartan form, there are two different space-times, one is base manifold, another is the tangent space in Cartan tetrad. The correspondence between these two different spaces in two different theories are: the traditional Minkowski space-time in gravitational gauge theory corresponds to the tangent space in Cartan tetrad; the gravitational gauge group space-time corresponds to the base manifold of differential geometry.
In gravitational gauge theory, the metric in Minkowski space-time is the flat metric η µν , which corresponds to the flat metric η ab in Cartan tetrad. The metric in gravitational gauge group space-time is the curved metric g αβ which corresponds to the curved metric g µν in differential geometry.
In gravitational gauge theory, G α µ is defined by 
Therefore, the following two relations have the same meaning,
where g αβ is the metric in gravitational gauge group space-time, and g µν is the metric of the base manifold in differential geometry. Similarly, the following two relations correspond to each other,
which is the derivative in Cartan tetrad. It corresponds to the gravitational gauge covariant derivative D µ in gravitational gauge theory
In gravitational gauge theory, all matter field, such as scalar fields φ(x), Dirac field ψ(x), vector field A µ (x), · · ·, are fields in Minkowski space, which correspond to fields in Cartan tetrad. In other words, all matter fields in differential geometry are defined in Cartan tetrad.
Finally, what is the transformation in differential geometry which corresponds to the the gravitational gauge transformation? Under most general coordinate transformation, the transformation of Cartan tetrad field is :
where L b a. is the associated Lorentz transformation. As we have stated before, under gravitational gauge transformations, there is no associated Lorentz transformation. In other words, under gravitational gauge transformation,
Therefore, the gravitational gauge transformation of Cartan tetrad field is
We call this transformation translation transformation. So, gravitational gauge transformation in gravitational gauge theory corresponds to the translation transformation in differential geometry. According to eq.(2.6), ∂ a does not change under translation transformation,
Eq.(2.10) corresponds to the following transformation in gravitational gauge theory,
Eq.(2.11) corresponds to the following gravitational gauge transformation in gravitational gauge theory,
Finally, as a summary, we list some important correspondences between physical picture and geometry picture in the following table 1.
Differential Geometrical Formulation of Gravitational Gauge Theory
In differential geometrical formulation of gravitational gauge theory, all fields are expressed in Cartan orthogonal tetrad. In differential geometry, gravitational field Quantum Gauge Theory of Gravity Differential Geometry gauge group space-time base manifold
Minkowski space-time tangent space in tetrad It seems that the field strength of gravitational field is related to the torsion of Cartan connexion.
Translation transformation of metric tensor g µν is
The metric in Cartan tetrad is denoted as η ab , which is the traditional Minkowski metric. Under translation transformation, η ab is invariant
The lagrangian L for pure gravitational field is selected as
Using eq.(2.5) and eq.(3.8), we can change the above lagrangian density into the following form
It is easy to prove that this lagrangian is invariant under translation transformation. The concept of translation invariant in differential geometry corresponds to the concept of gravitational gauge covariant in gravitational gauge theory.
In order to introduce translation invariant action of the system, we need to introduce a factor which is denoted as J(C) in gravitational gauge theory. In this paper, J(C) is selected as
The action of the system is defined by
This action is invariant under translation transformation.
For real scalar field φ, its gravitational interactions are described by
where m is the mass of scalar. For complex scalar field, its lagrangian is selected to be
Under translation transformations, φ(x) and ∂ a φ(x) transform as For Dirac field, its lagrangian is given by
Under translation transformations,
Under these transformations, the lagrangian given by eq.(3.19) is invariant.
For vector field, the lagrangian is given by
where
which is the field strength of vector field. This lagrangian is invariant under the following translation transformations
For U(1) gauge field, its lagrangian is [10, 11, 13 ]
In eq.(3.28), e is the coupling constant for U(1) gauge interactions. This lagrangian is invariant under the following translation transformation,
It is also invariant under local U(1) gauge transformation [10, 11, 13] .
For SU(N) non-Abel gaueg field, its lagrangian is [10, 11, 13 ] 
In above relations, g c is the coupling constant for SU(N) non-Able gauge interactions. It can be proved the this lagrangian is invariant under SU(N) gauge transformation and translation transformation [10, 11, 12, 13] .
Summary
In this paper, the geometrical formulation of gauge theory of gravity is studied, which is performed in the geometrical formulation of gravity [10, 12] . In this picture, we can see that gravitational field is put into the structure of space-time and there is no physical gravitational interactions in space-time.
In gravitational gauge theory, the symmetry transformation is gravitational gauge transformation, while in differential geometry, the corresponding symmetry transformation is translation transformation. The concept of translation invariant in differential geometry corresponds to the concept of gravitational gauge covariant in gravitational gauge theory.
